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Abstract We study the degree to which the coherence of quantum states is affected
by noise. We give the definition of the n-th decay rate and investigate the coherence
of Bell-diagonal states under n iterations of channels. We derive explicit formulas of
the n-th decay rates based on l1 norm of coherence, relative entropy of coherence and
skew information-based coherence. It is found that the larger n is, the faster the n-th
decay rate decreases as the parameter p of Bell-diagonal states increases. Moreover, for
any fixed n, with the increase of p, Bell-diagonal states can be completely incoherent
under generalized amplitude damping (GAD) channels, depolarization (DEP) channels
and phase flip (PF) channels, while this is not the case for bit flip (BF) channels and
bit-phase flip (BPF) channels. We also investigate the geometry of the relative entropy of
coherence and skew information-based coherence of Bell-diagonal states under different
channels when the n-th decay rate is one, i.e., the coherence is frozen. It is shown
that compared with BF and BPF channels, when n is large enough, the coherence of
Bell-diagonal states will not be frozen under GAD, DEP and PF channels. For skew
information-based coherence, similar properties of coherence freezing are found.
Key Words: Decay rate; quantum coherence; Bell-diagonal state; quantum channel;
frozen coherence
1. Introduction
Originated from the quantum superposition principle, the quantum coherence is a
basic feature and a fundamental issue in quantum mechanics and quantum information
theory. The study on quantum coherence plays an instrumental role in studying quantum
entanglement [1], quantum correlation [2, 3], and other quantum phenomena [4]. The
quantification of coherence [5–10], the operational resource theory of coherence [11–14],
and different interpretations of coherence [15–19] have been extensively explored during
∗Corresponding author. E-mail: wuzhaoqi conquer@163.com
1
the past few years. Quantum coherence has also been applied in many other emergent
fields, such as quantum metrology [20–22], quantum optics [23–25] and quantum biology
[26–31].
The geometry of measures to characterize entanglement, discord and coherence can
provide intuitions towards the quantification of these quantities. The level surfaces of
entanglement and quantum discord for Bell-diagonal states [32], the level surfaces of
quantum discord for a class of two-qubit states [33], the surfaces of constant quantum
discord and super-quantum discord for Bell-diagonal states [34] have been depicted. The
geometry with respect to relative entropy of coherence and l1 norm of coherence for
Bell-diagonal states have been also investigated [35,36].
From the perspective of available physical resources, decoherence process occurs due
to noise. The frozen of coherence is a special process of decoherence studied in [37,38]. It
is worth pointing out that for coherence freezing, the main difficulty lies in the fact that
generally different coherence measures may yield different orderings of coherence [39]. At
the same time, how to quantitatively describe the decay of coherence is also an active
research topic [40]. Recently, the decay rate of a quantum channel for a quantum state
has been defined and the decay rate of l1 norm of coherence in single-qubit system has
been studied [41].
Instead of considering the decay rate, can we study the n-th decay rate in which
the coherence under channels for n times is taken into consideration? How does the
n-th decay rate change under different quantum channels? On the other hand, when the
n-th decay rate coherence is frozen by a quantum channel for n times, what is the level
surfaces of the coherence for Bell-diagonal states under the channel? In this paper, we
will investigate the above problems. The rest of the paper is structured as follows. We
recall the framework of coherence measures and introduce the concept of n-th decay rate
in Sec. 2. In Sec. 3, when Bell-diagonal states are interfered by different noise channels
for n times, we study its n-th decay rate with respect to three coherence measures. We
investigate the geometry of Bell-diagonal states whose initial relative entropy of coherence
and skew information-based coherence are frozen in Sec. 4. Some concluding remarks
are given in Sec. 5.
2. The n-th decay rate of coherence for quantum states under quantum
channels
In this section, we first briefly recall the framework of quantifying coherence proposed
in [5]. Let H be a d-dimensional Hilbert space, and D(H) the set of all density operators
on H. A state and a channel are mathematically described by a density operator (positive
operator of trace 1) and a completely positive trace preserving (CPTP) map, respectively
[42]. For a prefixed orthonormal basis {|k〉}dk=1 of H, the density operators which are
diagonal in this basis are called incoherent states. Otherwise, they are said to be coherent.
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The set of incoherent states is denoted by I, i.e.,
I = {δ ∈ D(H)|δ =
∑
k
pk|k〉〈k|, pk ≥ 0,
∑
k
pk = 1}.
Let Λ be a CPTP map,
Λ(ρ) =
∑
i
KiρK
†
i ,
where Ki are Kraus operators satisfying
∑
iK
†
iKi = Id with Id being the identity oper-
ator. Ki are called incoherent Kraus operators if K
†
i IKi ∈ I for all i, and in this case
the corresponding Λ is called an incoherent operation.
In [5], the authors proposed a framework for a measure of coherence
(i) (Faithfulness) C(ρ) ≥ 0 and C(ρ) = 0 iff ρ is incoherent.
(ii) (Monotonicity) C(Λ(ρ)) ≤ C(ρ) for any incoherent operation Λ.
(iii) (Convexity) C(·) is a convex function of ρ, i.e.,∑
n
pnC(ρn) ≥ C(
∑
n
pnρn),
where pn ≥ 0,
∑
n pn = 1.
(iv) (Strong monotonicity) C(·) does not increase on average under selective inco-
herent operations, i.e.,
C(ρ) ≥
∑
n
pnC(̺n),
where pn = Tr(KnρK
†
n) are probabilities and ̺n =
KnρK
†
n
pn
are post-measurement states
with Kn being incoherent Kraus operators.
The l1 norm of coherence of a quantum state ρ is given by [5]
Cl1(ρ) = min
δ∈I
‖ ρ− δ ‖l1=
∑
i 6=j
|ρij| , (1)
the minimal distance between ρ and incoherent quantum state δ. The relative entropy
of coherence measure is defined by the following formula [5]
Cr(ρ) = min
δ∈I
S (ρ ‖ δ) = S (ρdiag)− S(ρ), (2)
where S(ρ ‖ δ) = Trρlogρ−Trρlogδ is the von Neumann entropy. The l1 norm of coher-
ence and relative entropy of coherence both satisfy all of the above-mentioned conditions.
For the fixed orthonormal basis {|k〉}dk=1, the skew information-based coherence is
presented in [43],
CI(ρ) =
d∑
k=1
I(ρ, |k〉〈k|) = 1−
d∑
k=1
〈k|√ρ|k〉2, (3)
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where I(ρ, |k〉〈k|) = −1
2
Tr{[√ρ, |k〉〈k|]}2. It is confirmed that skew information-based
coherence also fulfills the conditions (i)-(iv) [43].
We are now in a position to give the definition of the n-th decay rate.
Definition 1 (n-th decay rate of coherence). For a quantum channel Φ and a
coherent state ρ, the n-th dacay rate is defined as
Rn(ρ
Φ) =
C (Φn(ρ))
C(ρ)
, (4)
where n is the number of times that the quantum state ρ passes through the channel.
From the definition, one sees that the n-th decay rate quantifies the decrease of
coherence on average under the channels. Now we focus on the decay phenomenon for
the following channels for a bipartite quantum state ρ,
Φ(ρ) =
∑
i,j
(Ei ⊗ Ej) ρ (Ei ⊗Ej)† ,
where {Ei} are Kraus operators satifying
∑
iE
†
iEi = Id. Denote Φ
1(ρ) = Φ(ρ). For
1 < n ∈ N, we define the n-th iteration of a quantum channel by
Φn(ρ) =
∑
i,j
(Ei ⊗ Ej)Φn−1(ρ) (Ei ⊗ Ej)† .
When Rn(ρ
Φ) = 1, the coherence keeps invariant and the initial coherence is frozen by
the channel Φ [37].
3. Geometry of the n-th decay rates of coherence for Bell-diagonal states
under n iterations of quantum channels
We now calculate the n-th decay rates of coherence for Bell-diagonal states under
Markovian channels. Two-qubit Bell-diagonal states can be expressed as
ρ =
1
4
(
I ⊗ I +
3∑
i=1
ciσi ⊗ σi
)
, (5)
where {σi}3i=1 are the standard Pauli matrices and c1, c2, c3 ∈ [−1, 1]. In the computa-
tional basis {|00〉, |01〉, |10〉, |11〉}, the matrix form of ρ can be written as
ρ =
1
4


1 + c3 0 0 c1 − c2
0 1− c3 c1 + c2 0
0 c1 + c2 1− c3 0
c1 − c2 0 0 1 + c3

 .
We consider five quantum channels whose Kraus operators are listed in Table 1 [34].
Note that the Bell-diagonal states remain in the same form under these channels. When
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Table 1: Kraus operators for the quantum channels: bit flip (BF), phase flip (PF),
bit-phase flip (BPF), depolarizing (DEP), and generalized amplitude damping (GAD),
where p and γ are decoherence probabilities, 0 < p < 1, 0 < γ < 1.
Channel Kraus operators
BF E0 =
√
1− p/2I, E1 =
√
p/2σ1
PF E0 =
√
1− p/2I, E1 =
√
p/2σ3
BPF E0 =
√
1− p/2I, E1 =
√
p/2σ2
DEP E0 =
√
1− pI, E1 =
√
p/3σ1
E2 =
√
p/3σ2, E3 =
√
p/3σ3
GAD E0 =
√
p
(
1 0
0
√
1− γ
)
, E2 =
√
1− p
( √
1− γ 0
0 1
)
E1 =
√
p
(
0
√
γ
0 0
)
, E3 =
√
1− p
(
0 0√
γ 0
)
Table 2: Correlation coefficients of Bell-diagonal states under n iterations of five chan-
nels: bit flip (BFn), phase flip (PFn), bit-phase flip (BPFn), depolarizing (DEPn) and
generalized amplitude damping (GADn). For the coefficients of GADn in the last row, we
have fixed p = 1/2 and replaced γ by p in the Kraus operators Ei(i = 0, 1, 2, 3) mentioned
in Table 1.
Channel c∗1 c
∗
2 c
∗
3
BFn c1 c2(1− p)2n c3(1− p)2n
PFn c1(1− p)2n c2(1− p)2n c3
BPFn c1(1− p)2n c2 c3(1− p)2n
DEPn c1(1− 43p)n c2(1− 43p)n c3(1− 43p)n
GADn c1(1− p)n c2(1− p)n c3(1− p)2n
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Figure 1: The n-th decay rates for Bell-diagonal states (c1 = 0.6, c2 = 0.1, c3 = 0.2)
under n iterations of bit flip channels BFn: (a) l1 norm of coherence; (b) relative entropy
of coherence; (c) skew information-based coherence.
the Bell-diagonal states are subjected to n iterations of these five channels, the coefficients
ci(i = 1, 2, 3) will be transformed to c
∗
i (i = 1, 2, 3), see Table 2 [35].
From (4) we can calculate the n-th decay rates of l1 norm of coherence, relative
entropy of coherence and skew information-based coherence for Bell-diagonal states, re-
spectively,
Rln(ρ
Φ) =
|c∗1 − c∗2|+ |c∗1 + c∗2|
|c1 − c2|+ |c1 + c2| ,
Rrn(ρ
Φ) = [(1− c∗1 + c∗2 − c∗3) ln(1− c∗1 + c∗2 − c∗3) + (1 + c∗1 − c∗2 + c∗3) ln(1 + c∗1 − c∗2 + c∗3)
+ (1− c∗1 − c∗2 − c∗3) ln(1− c∗1 − c∗2 − c∗3) + (1 + c∗1 + c∗2 + c∗3) ln(1 + c∗1 + c∗2 + c∗3)
− 2(1 − c∗3) ln(1− c∗3)− 2(1 + c∗3) ln(1 + c∗3)]/
[(1 − c1 + c2 − c3) ln(1− c1 + c2 − c3) + (1 + c1 − c2 + c3) ln(1 + c1 − c2 + c3)
+ (1− c1 − c2 − c3) ln(1− c1 − c2 − c3) + (1 + c1 + c2 + c3) ln(1 + c1 + c2 + c3)
− 2(1 − c3) ln(1− c3)− 2(1 + c3) ln(1 + c3)],
and
RIn(ρ
Φ) = (2−√1− c∗1 − c∗2 − c∗3√1 + c∗1 + c∗2 − c∗3 −√1 + c∗1 − c∗2 + c∗3√1− c∗1 + c∗2 + c∗3)
/(2 −√1− c1 − c2 − c3
√
1 + c1 + c2 − c3 −
√
1 + c1 − c2 + c3
√
1− c1 + c2 + c3).
Note that for DEP channels, we get Rn(ρ
Φ) = 0 if p = 3
4
, which indicates that these
channels make state ρ completely incoherent. The coherence of Bell-diagonal states is
generally different under different types of coherence measures. The influence of channels
on coherence, for Bell-diagonal state with parameters c1 = 0.6, c2 = 0.1 and c3 = 0.2,
are shown in Figures 1, 2, 3, 4 and 5. From these figures, it is observed that for different
coherence measures and the same channels, the trend of the coherence of Bell-diagonal
states is the same, i.e., the n-th decay rates decrease for any n. For different channels,
except for BF, the decoherence process of Bell-diagonal states is very similar under rela-
tive entropy of coherence and skew information-based coherence. Compared with relative
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Figure 2: The n-th decay rates for Bell-diagonal states (c1 = 0.6, c2 = 0.1, c3 = 0.2) under
n iterations of phase flip channels PFn: (a) l1 norm of coherence; (b) relative entropy of
coherence; (c) skew information-based coherence.
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Figure 3: The n-th decay rates for Bell-diagonal states (c1 = 0.6, c2 = 0.1, c3 = 0.2)
under n iterations of bit-phase flip channels BPFn: (a) l1 norm of coherence; (b) relative
entropy of coherence; (c) skew information-based coherence.
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Figure 4: The n-th decay rates for Bell-diagonal states (c1 = 0.6, c2 = 0.1, c3 = 0.2)
under n iterations of depolorizing channels DEPn: (a) l1 norm of coherence; (b) relative
entropy of coherence; (c) skew information-based coherence.
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Figure 5: The n-th decay rates for Bell-diagonal states (c1 = 0.6, c2 = 0.1, c3 = 0.2)
under n iterations of generalized amplitude damping channels GADn: (a) l1 norm of
coherence; (b) relative entropy of coherence; (c) skew information-based coherence.
entropy of coherence and skew information-based coherence, the curvature of the decay
rate curve of Bell-diagonal states is obviously different from that of l1 norm of coherence.
It is found that the larger n is, the faster the n-th decay rates decrease as p increases.
The n-th decay rates decrease with the increase of p for fixed n. When the n-th decay
rates goes to 0, channels have the greatest influence on coherence.
The n-th decay rates of coherence for Bell-diagonal states under PF, DEP and GAD
channels could reach 0, as displayed in Figures 2, 4 and 5. This implies that for some
particular p, the coherence of the Bell-diagonal state vanishes under the quantum channel.
However, for BF and BPF channels, the n-th decay rates reach a certain value greater
than 0, regardless of n, see Figures 1 and 3, namely, they have freezing effect on coherence.
Specifically, under BF channels, the l1 norm of coherence of Bell-diagonal states is frozen,
see Figure 1(a). Comparing it with Figures 1(b) and 1(c), we find that the n-th decay
rates of relative entropy of coherence and skew information-based coherence for Bell-
diagonal states firstly decrease under BF channels, and then keep unchanged. That is, the
decoherence process occurs first, and then the coherence freezing phenomenon appears.
For DEP channels, the n-th decay rates reduce to zero firstly and then increases, see
Figure 4.
4. Geometry of frozen coherence for Bell-diagonal states under n iterations
of quantum channels
In this section, we mainly study the geometry of relative entropy of coherence and
skew information-based coherence for Bell-diagonal states under different channels when
the coherence of initial states is frozen under n iterations of the quantum channel Φ,
i.e., Rn(ρ
Φ) = 1. We investigate the geometry of Bell-diagonal states for relative entropy
of coherence. The surfaces of coherence freezing for Bell-diagonal states under different
channels for fixed p = 0.5 and n are shown in Figures 6, 7, 8, 9 and 10. It is found that
different channels have different conditions which make the coherence of Bell-diagonal
states frozen.
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Now fix p = 0.5. For BF and BPF channels, when the coherence of Bell-diagonal
states is frozen, with the increase of n, the coherence curve gradually evolves from (a) to
(c), see Figures 6 and 8. Moreover, we discover that with the increase of p, the coherence
surfaces will reach the state of (c) faster for fixed n. For both channels, obvious changes
happen when n varies from 11 to 12.
(a) (b) (c)
Figure 6: Surfaces of relative entropy of coherence freezing for Bell-diagonal states under
n iterations of bit flip channels BFn: (a) p = 0.5, n = 1; (b) p = 0.5, n = 11; (c) p = 0.5,
n = 12.
(a) (b) (c)
Figure 7: Surfaces of relative entropy of coherence freezing for Bell-diagonal states under
n iterations of phase flip channels PFn: (a) p = 0.5, n = 1; (b) p = 0.5, n = 11; (c)
p = 0.5, n = 12.
However, for PF, DEP and GAD channels, the situation is quite different. For fixed
p, when n increases to a certain value, the graph gradually disappears and becomes
completely absent, i.e., Bell-diagonal states that satisfy such conditions do not exist.
With the increase of p, when n is fixed the corresponding variation in the graph will be
faster under PF and GAD channels. Particularly, for GAD channel, when p is fixed, with
9
(a) (b) (c)
Figure 8: Surfaces of relative entropy of coherence freezing for Bell-diagonal states under
n iterations of bit-phase flip channels BPFn: (a) p = 0.5, n = 1; (b) p = 0.5, n = 11; (c)
p = 0.5, n = 12.
(a) (b) (c)
Figure 9: Surfaces of relative entropy of coherence freezing for Bell-diagonal states under
n iterations of depolarizing channels DEPn: (a) p = 0.5, n = 1; (b) p = 0.5, n = 13; (c)
p = 0.5, n = 14.
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(a) (b) (c)
Figure 10: Surfaces of relative entropy of coherence freezing for Bell-diagonal states under
n iterations of generalized amplitude damping channels GADn: (a) p = 0.5, n = 1; (b)
p = 0.5, n = 22; (c) p = 0.5, n = 23.
the increase of n, the pattern slowly breaks into two pieces, and further to four small
pieces distributed on the upper and lower bottom surfaces of the cube. Then the graph
becomes further smaller and disappears.
For example, for GAD channels, when p = 0.5 and 1 ≤ n ≤ 19, the shape of the
graphs are almost the same as Figure 10(a). There is sharp difference when n = 22, as
is shown in Figure 10(b). For n = 23, the graph becomes four small pieces, see Figure
10(c), and disappears completely when n = 24. For DEP channels, it seems that with the
increase of p, the pattern evolution accelerates. But when p is greater than 0.9, there is
no such phenomena. On the contrary, the closer p is to 1, the slower the pattern evolves.
Note that when the skew information-based coherence is taken into account, it is
found that similar phenomenon occurs for coherence freezing of Bell-diagonal states under
n iterations of the five channels, while the surfaces appears to be tetrahedrons.
5. Conclusions
We have studied the n-th decay rates of several channels for quantum states based
on l1 norm of coherence, relative entropy of coherence and skew information-based coher-
ence. The n-th decay rates of non-dissipative channels for Bell-diagonal states have been
calculated and explicit formulas are derived. It has been shown that DEP channels have
the greatest impact on coherence when p = 3
4
. An interesting phenomenon is that the
n-th decay rates of DEP channels for Bell-diagonal states decrease to zero first and then
increase. The coherence surfaces under the channels have been plotted. We conclude
that the n-th decay rates decrease quickly with the increase of n for fixed p. Moreover,
Bell-diagonal states can be completely incoherent under PF, DEP and GAD channels,
but remain coherent under BF and BPF channels.
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We have also investigated the geometry of the relative entropy of coherence and
skew information-based coherence of Bell-diagonal states under different channels when
the coherence of initial state is frozen. It has been shown that coherence freezing is
quite different for distinct channels. For fixed n, the evolution of the coherence surface
accelerates with the increase of p. For fixed p, when n is large enough, the freezing
of initial state coherence does not occur under PF, DEP and GAD channels, and the
states always undergo a decoherence process. For relative entropy of coherence and skew
information-based coherence, the behaviors of coherence freezing turn out to be quite
similar.
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